Introduction
The paper aims to explore the nature of urban growth in Dhaka City, Bangladesh using a mathematical model. It has highlighted the city of Dhaka as the urbanization of the whole country is interlinked with the intense development of the city. The rapid urbanization of the city since its emergence as the capital of an independent state is due mainly to massive migration of rural population.
The main purpose of the present paper is to highlight the recent trends in migration and urbanization in Dhaka city. According to The World Bank Office [7] , Dhaka, June 2007, Dhaka is a highly dynamic city that attracts some 300,000-400,000 new migrants each year and Population projections indicate that Dhaka is expected to grow to about 20 million in 2020, making it the world"s third largest city. The highly increasing trend in population of Dhaka is a great threat to the infrastructure of Dhaka. So, prediction of population of Dhaka is very essential to build up a planned Dhaka City. For this objective firstly we have predict the future population of Dhaka considering immigrant population.
Enrolment can be projected using either mathematical or analytical methods. In order to produce more accurate results in a more efficient way one should prefer mathematical model which can characterize the parameters like death rate, birth rate, fertility rate, immigration, living resources etc. Now in this work we study the population prediction of Dhaka City based on a linear, autonomous exponential differential equation model which is known as Malthusian Population Model and parameterized by growth rate and Immigrant people per year. We have used the data collected from Bangladesh e-journal of sociology [3] , Research paper on "urban poor in Dhaka" [12] .In terms of immigrant people the Malthusian Population Model can be defined as: (1) or, ( )
Where (1) represents the growth rate and represents immigrant of Dhaka per year. Here the calculations are based on parameters characterizing growth rate and immigrant people per year.
Firstly, we study the census survey report on Dhaka City (1981 and observe that the population of Dhaka City had been increasing in an exponential manner. We therefore consider the Malthusian exponential model in order to project the population of Dhaka City for the next several decades. The model is a first order ordinary differential equation parameterized by the growth rate of the population. In order to include the immigrant population, we make necessary Modification of the model, which is again an exponential model where the growth rate   R is the sum of the actual growth rate   a and immigrant rate   r .
The exists classical solution of the differential equation model as an IVP for both the time independent and time dependent growth rate i.e. for both autonomous and non-autonomous cases. However, for non-autonomous case, the calculation of the population from the exact solution is rather complicated due to the integration of the growth rate   t R which needs to incorporate from data.
We, therefore, prefer numerical method for the solution of the Ordinary Differential Equation model as an I.V.P. for time dependent growth rate. First we consider the autonomous case, where we choose the growth rate so that population trend agrees with that of the census data. Then with this growth rate we present the future projection for several decades both with exact and numerical solution method.
For the non-autonomous case, we model the growth rate ( ) as an exponential function so that the growth rate trend agrees with that of the census ).Then we incorporate this growth rate function in the numerical implementation of the non-autonomous exponential model by using fourth-order Runge-Kutta method. We perform error estimation of the numerical solution which justifies the correctness of the implementation by using computer programming. We present the predicted population for both autonomous and non-autonomous case.
II. Growth Rate Method
Arun.C Mehta [6] discussed various methods of projecting population (mathematical, economic and component methods).Some are very sophisticated and rigorous while others are simple and less sophisticated. (2001) is available, number of births, deaths and migration in future needs to be projected which is not an easy task. Therefore, we have discussed simple and easy-to-handle methods of population projections given the purpose. We consider here the growth rate method. For computing the annual rate of growth (simple), the following formula can be applied to the information at any two points of time (3) Where, r = annual rate of growth, = population in the current year P o = population in the base year, n = number of intermediary years. Let population of Dhaka be given as 34.40 million in the year 1981 (P o ), as against 68.87 million in the year 1991 ( ), then "r" would be,
Here r gives the decadal rate of growth which has taken place between the two given years, 1981 to 1991. By assuming that this rate of growth would continue in the future, population figures can be obtained in any given year. Thus, in this method, the net increment between two years is obtained by applying "r" to the base year population which means the increment remains constant irrespective of the year, and, hence, considered as a crude method of projection. The same method can also be used for projecting other variables like enrolment. One of the limitations of this method is that while computing the rate of growth, it considers information at only two points of time. Thus, it fails to utilize the available statistics fully.
III. Exponential Differential Equation Introducing Immigrant ( )
First of all it seems to us impossible to model the growth of a species by a differential equation since the population of any species always changes by integer amounts.We know the population of any species can never be a differentiable function of time. If a given population is very large and suddenly increased by one, then the change is very small compared to the given population, thus we make the approximation that large population change continuous and even differentiable with time. We will discuss Malthusian model (Martin Braun 
Where Exponential Model combines one ecological process reproduction and one parameter immigrant population ( ) .Both of these depends on population number (or density). The rate of both processes corresponds to the mass-action law with coefficients: for reproduction and for immigrant population.
Exact Solution of Malthus"s Model
From Equation (4) To prove this, we observe that the population of Dhaka City triples in a time
where . Taking logarithms on both sides of this equation, we get = 3 Therefore it would seem that this model is unreasonable and should be thrown out. However, we cannot ignore the fact it offers exponential agreement in the past. Now, we have additional evidence that populations do grow exponentially. Let us suppose that the Microtus Arvallis Pall, a small rodent which represents very rapidly. We consider the unit time to be a month and assume that the population is increasing at rate 40% per month. If there are two rodents present initially at time 0  t , then   t p , the number of rodents at time t , satisfies the initial-value problem ( ) Consequently, ( ) ( ) ( ) Table 1 compares the observed population with the population calculated from equation (7). 
Researchers believe that migration contributes to at least 40% of Dhaka"s population. Then .Then equation (10) becomes
When then ( ) using by initial condition we get
This is the required solution of Malthusian population in terms of immigrant people of Dhaka city.
IV. Numerical Simulation
By using the data of Bangladesh e-journal of sociology [3] , we have drawn the Fig 1and Fig 2. From the figure we see that the population gradually increases as an exponential manner with respect to the actual Dhaka city census data from 1901 through 2001.
We see that, the growth rate of Dhaka City is decreasing (Fig 3) but due to the Immigrant rate the total population of Dhaka city is increasing. The population of the city reached to 12. [4] .Though the growth rate in population of Dhaka city has been decreasing, its overall population has been increasing and it would continue to increase until zero growth rate is attained. The city will have the largest population when the growth rate us zero. The population of the city is ( Fig 5) . The figure below shows the graph of the solution of the exponential growth model for the Dhaka City. 
Fitting An Exponential Model To Data
As we have seen the actual Dhaka City census data from 1901 through 2001produces an exponential curve, we therefore use the Malthusian exponential model , ( ) Our test case will be the Dhaka City census data, first up to 1991, then up to 2001. To determine whether a given set of data can be modeled by the exponential differential equation we have to estimate values of the derivative from the data. We will do that by symmetric differences. The slope at a given census year t is approximated by the slope of the line joining the points 10 years earlier and 10 years later. For example, the growth rate in 1991 is approximately ( ) (20) Where ( ( ) ( )) ⁄ is determined by the given data [9] and is assumed to be initial growth rate (growth rate of the starting year 1981).
Future Population Projection of Dhaka City by Numerical Simulation
We introduce a Matlab program for comparing the population of Dhaka City between exact solution, numerical solution of the exponential model and the data of census survey (Fig 6) . We perform an error estimation of the numerical solution which justifies the correctness of the implementation by using computer programming (Table1). We also see that from the year 1981 to 2001 (Fig 6) , the numerical solution and exact solution of exponential model matches approximately all the time and shows a very little difference which can be negligible. So, we can say that the population growth of Dhaka City always supports the exponential model and we can use this model to predict the future population growth of Dhaka City. The 2001 Census of Bangladesh found the population of Dhaka Statistical Metropolitan Area (DSMA) or Dhaka Megacity Region to be 9.923 million, within its 1325 sq km limits. DSMA, however, is an extended metropolitan region, comprising the mother city Dhaka or the Dhaka City Corporation (DCC) area and six other medium and small municipalities/towns and vast expanses of rural entities in between the urban centers. DCC has an area of only 360 sq. kms and had a population of 5.9 million in 2001.Using the data of B.B.S [4] , we have drawn the figure 7 and 8.In the figure 8, we find that the graph is S-shaped i.e. population of Dhaka City according to Area obey logistical population model.i.e. Logistical population model can be applied on the population of Dhaka City considering the area. .So, we can say that the growth rate of Dhaka City"s population will be continue the exponential trend and we can project the future population of Dhaka City by also numerical solution where the population growth rate is a time dependent function.
Up till now, we have discussed about constant growth rate (time independent growth rate) of population. By using this constant growth rate we have predicted the future population of Dhaka City from 1981 to 2021.Now, we will discuss about the time dependent growth rate.
By using the time dependent growth rate, at first, we will predict the future population growth rate of Dhaka City by numerical solution. Then, using that growth rate we can predict the future population of Dhaka City. Now, we develop a Matlab Program for predicting the future population growth rate of Dhaka City by numerical solution. Here is a figure and data obtained by Numerical Solution of Population projection for the time dependent growth rate (Fig-10 and Table 3 ) We find that the trend of population growth of Dhaka City for the future two decades (2001-2026) based on the previous two decades" census survey data of Dhaka City (1981-2001) (Fig 10) .We observe that in the first two decades (1981 to 1991 and 1991 -2011) .So, we can say that the growth rate of Dhaka City"s population will be continue the exponential trend. We observe the highest population growth of Dhaka City in the decade (2011-2021), average 0.736 million per year (approximately).In the last decade, 15 luc people added to the Dhaka city population. Currently the capital city's population stands at 1.6crore. By 2025, the United Nations forecasts that Dhaka will reach 23 million. We have seen from the data obtained by numerical solution that Dhaka"s population will be 23 million by 2025. Mohammad A.Mabud.Phd, in a Seminar on Bangladesh Population Prospects and Problems at North South University, Dhaka [9] in 2008, estimated the present population is about 11 million and growth rate is 5%, it will be doubling after 14 years, therefore by the 2022 the population will be 22 million. 
V. Conclusion
In this study a mathematical analysis of the future population of Dhaka City is carried out based on an ordinary differential equation model which is called Exponential Differential Equation Model (Malthusian Population Model) in terms of immigrant population. In this model at first the growth rate and consequently the immigrant rate are assumed to be constant and a formula is developed to calculate the relatively growth rate which is also constant. However, considering growth rate as exponential equation we have also shown how to calculate ( ) as a function of from the data and some Matlab Programs are used for this purpose. Also, Matlab programs are developed for the direct projection of future population of Dhaka City. First we test our program to implement the numerical scheme for the population of Dhaka City (1901-2001) and we find our projection has a very good quantitative and qualitative (J -shaped) agreement with the actual data. Then we use this program to project future population of Dhaka City by using Growth Rate Method. Here, we predict the future population from 2001 to 2026 by numerical solution and this result shows a very good agreement with the results due to Census Survey Report [4] .According to the report of World Bank 2007 [7] ; UN-DESA 2011, Dhaka"s population projected to grow to 17 million by 2015 and we observed that our population will be approximate to 17.23 million in the year 2015 and then it will attain24.36 million in the year 2026. The population gradually increases as an exponential manner which shows a good qualitative agreement with the results of [4] .
